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Recap: MLE

¢ Given training data {x1,Xao,...,X,} ~ ¢(x), the

Parameterize pg(x), the through

Theorem: Representation through push-forward

Let 7 be any continuous distribution on R". For distribution p on R?, there

exist push-forward maps T : R" — R? such that Z ~r = T(Z) ~ p.

Estimate @ by minimizing some “distance”

. . ~ 1 <&
mpn Kalre) = [ om0 -aax ~ S lesmat)

Need a training sample from ¢ and an explicit form of pg



Change-of-variable Formula

Theorem: Push-forward as change-of-variable

Let r be any continuous distribution on R®. If the push-forward map T : R — R?
is invertible, then the density of X := T(Z) is

p(x) =r(T'x) - |det(VT 'x)| = (T 'x) / | det(VT(T 'x))|

® Roughly, p(x)dx = r(z) dz: preservation of mass
e ToT!'=Id = VT(T ') - VT !=1d and det(A™!) = 1/ det(A)
- T=(Ty,...,Ts) :RY 5 R and VT = (VTL,...,VTy) : R - R ® R4

® From now on, use the notation p = T, to denote the push-forward



MLE Revisited

noise density push-forward model data density
r(z) (Tyr)(x) q(x)

[
r(T-1%) / | det (VI(T~'9) |

1 <« _ _
min  KL(q || Txr) ~ max 7—72 [log r(T™'x;) — log| det VT (T 1x,;)@

T:R4—R4 , £
1=1




Pick Your Poison

Inverse in training, easy in sampling

n

1
max - ZZ:; [logr(Tflxi) — log ‘ det VT (Tﬁlxi) ”

Easy in training, inverse in sampling

n

1
Jnax, ; [logr(Sxi) + log | det VS(xi)”

Bottleneck in inverse T~! and determinant det V

e Can



Increasing Triangular Map

2L 0 0
T, = T1<21) gzl )
oy 9Ty
Ty = Ty(21, 22) 021 Oz 0
VT (z) =
xq=Ty(z1, 29, 23, ..., 2 oy 9Ty 014
d d( 1, <2, <3, ) d) i o 92s
o : j-th output x; depends only on the first j inputs 2y, ...
— VT is a (lower) triangular matrix
. : Tj(z1, ..., 2j—1, %;) is increasing w.r.t. z; for any zi, ...

— diagonal of VT is positive, i.e. Z# >0
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Practical Implications of Increasing Triangular Maps

® |t is easy to compute the inverse T~! : RY — R¢
— Fix x1, compute z; such that T3 (z1) = 24

— T3 is increasing w.r.t. 21, so bisection suffices

— Fix x;, compute z; such that T (z1,...,2,-1,2;) = &;
— Tj is increasing w.r.t. z; while z1,...,z;_; are already computed, so bisection suffices
® |t is easy to compute the determinant det(VT)

— VT is triangular, so det = product of the diagonal

6/20


https://en.wikipedia.org/wiki/Bisection_method

Theoretical Implications of Increasing Triangular Maps

Theorem: Uniqueness for increasing triangular maps

For any two densities 7 and p on RY, there exists a unique (up to permutation)

increasing triangular map T so that p = Tyr.

® |n theory, property of a density is captured in the
map T, and vice versa!

Example: Linear transformation of Gaussian is Gaussian
Let n ~ N(0,1d) and L = Cholesky(S). Then, x = Ln + pu ~ N (u, S).

® \We see now this is the only way, when restricted to increasing triangular maps!

V. |. Bogachev et al. . Sbornik: Mathematics, vol. 196, no. 3 (2005), pp. 309—-335.


https://en.wikipedia.org/wiki/Cholesky_decomposition
http://iopscience.iop.org/article/10.1070/SM2005v196n03ABEH000882/pdf

MLE Revisited

noise density push-forward model  data density
r(z) (Tur)(x) q(x)

[
F(T-1%) / | det (VI(T~'x)) |

n d
1
min  KL(q || T4r) ~ max — E [logT(T x;) — E log V;T;(T 1Xi)}
T:RI—R4 T n < -
=1 7=1
Y. Marzouk et al. . In: Handbook of Uncertainty Quantification. Ed. by R. Ghanem et al.

Springer, 2016, pp. 1-41, P. Jaini et al. . In: International Conference on Machine Learning (ICML). 2019.


https://doi.org/10.1007/978-3-319-11259-6_23-1
https://cs.uwaterloo.ca/~y328yu/mypapers/icml19.pdf

Autoregressive Models

d
p(x) = H])j(l’j X1y, L)
7=1

N /\ J2162))

. /\/\ P2(%2 | %)
L, /J\ Pd(xd|x<d)

H. Larochelle and I. Murray. . In: Proceedings of the 14th International Conference on
Artificial Intelligence and Statistics. 2011, pp. 29-37.



http://proceedings.mlr.press/v15/larochelle11a/larochelle11a.pdf

AR with Gaussian Conditionals

px) = pi(x) - pxlx) - o - parglxcy)

AN P N\

N (uy, 6% ./V(uz(xl),azz(xl)) ./V(ud(xl,...,xd_l),oj(xl,...,xd_l))

/\L 4 _’-_'@ ,)/\ x =0y-20+p = Ti(z)

2

A zz. _>-—>@ A X = 0)(z) - 5+ po(z) =Tz 52)

2

ﬁ/\ “ _’ /\XL Xg = 042eq) * Zg+ Hal2eg) = Ty2g 52<0)
d

d

D. P. Kingma and P. Dhariwal . In: Advances in Neural Information Processing
 mmao


https://papers.nips.cc/paper/8224-glow-generative-flow-with-invertible-1x1-convolutions

Masked AR Flows

(Tyr)(x) =r(z) / det (VT(I)Z) / det (VT(2)Z1) / det (VI®z,) / det (VT(4)Z3)
T; = Zj - €Xp (ozj(zl, e zj,l)) + pi (21, ..o, 25m1) = Tj(21, . . ., -1, 25)

e Stack multiple layers to get deep
e What happens if the number of layers goes to oo ?

G. Papamakarios et al. . In: Advances in Neural Information Processing Systems. 2017,

pp. 2338-2347.


https://papers.nips.cc/paper/6828-masked-autoregressive-flow-for-density-estimation

real-NVP

{24521} {xp, o}

- =

\1@/

{Zl, . ,Zd} {xl, ey X

Tj(z_j 5 Zilgooo ,Zlfl) = exXp <ij(21, soog 2171) 0 ]-jgé[l—l]) . Z]' aF ,Uj(Zl, so0g 2171) o 1j§£[l—1]

L. Dinh et al. . In: Proceedings of the 5th International Conference on Learning Representation. 2017


https://openreview.net/forum?id=HkpbnH9lx

Neural AR Flow

C.-W. Huang et al. . In: Proceedings of the 35th International Conference on Machine Learning. 2018.


http://proceedings.mlr.press/v80/huang18d/huang18d.pdf

Sum-Of-Squares
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P. Jaini et al . In: International Conference on Machine Learning (ICML). 2019


https://cs.uwaterloo.ca/~y328yu/mypapers/icml19.pdf
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Interpreting T =: Q

e T :R? — RY pushes the noise Z forward to observation X

® The inverse map T~ pulls observation X back to noise Z

Theorem: Inverse sampling

Let Z ~ Uniform(0, 1), F be the cdf of X, and Q := F~! is the quantile function of
X. Then, Q(Z) ~ F.

Q := T serves as a multivariate generalization of the quantile function!




Increasing Rearrangement

)\

Z~ (r,Fy) X ~ (p,Fy)

® 7 ~F; = Fz(Z)~ Uniform(0,1)
e U ~ Uniform(0,1) = Fy'(U) ~ Fx
® 7~ F; = T(Z) ~ Fx where T := F' o F; "rearranges’ probability mass



Knothe-Rosenblatt Transform

Ti(z) = G1_1 ° Fi(z))

Ty(z, 7)) = Gz_d ° F21(z)

e [teratively apply univariate increasing rearrangement to the conditionals

® An early precursor of increasing triangular maps

H. Knothe. . The Michigan Mathematical Journal, vol. 4, no. 1 (1957), pp. 39-52,
M. Rosenblatt . The Annals of Mathematical Statistics, vol. 23, no. 3 (1952), pp. 470—472.


https://doi.org/10.1307/mmj/1028990175
https://www.jstor.org/stable/2236692
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J. Wang et al. . In: Advances in Neural Information Processing Systems
(NeurlPS). 2019.


https://cs.uwaterloo.ca/~y328yu/mypapers/nips19.pdf
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