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Auto-Regressive (AR) Flow Recalled

(Tyr)(x) =r(z) / det (VT(l)Z) / det (VI@z,) / det (VT(?’)ZQ) / det (VTWazy)

Tj = 2; - €Xp (ozj(zl, .. .,zj_l)) + (21, -, 2m1) = Ti(21, - - -, 2i-1, 25)

’ Now let the number of layers approach oc! ‘




Neural Ordinary Differential Equations (ODE)

Xep1 A~ Xe + 1 - £ (xe) =1 Ty(xy)
dXt—H = ft(Xt) dt

® Suppose X; ~ p;
® Apply change-of-variable-formula we know x;,1 ~ p;;1, where

log pt+1(xt+1) = logpt(xt) — log | det ath(Xt)‘
= log p(x¢) — log | det[Id + N 6xft(xt)]|
~ log py(x¢) — e - (Ox, i (x))

e Continuous change-of-variable formula:

dlog pt(xt)

dt = — (O, ft(x1))

. Q. Chen et al. . In: Advances in Neural Information Processing Systems. 2018, pp. 6572—6583.
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http://papers.nips.cc/paper/7892-neural-ordinary-differential-equations

Stochastic Differential Equations (SDE)

dxt+1 = ft (Xt) dt + Gt (Xt) dnt
Xiy1 A X + 0y - B (%) + 8i(x¢), where gy(x¢) ~ N(O, ntQGt(Xt)Gt(xt)T)

® X, iSnow a version of x;

Suppose x; ~ p;

Kolmogorov forward equation (a.k.a. Fokker-Planck equation):

Oipy = — (Ox, pefy) + % <ax3;r,PthGtT>

Kolmogorov backward equation (with fixed end time ¢ > s):

asps — <f57 axps> + % <GsG;r, axa;cl—ps>
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ODE < SDE

dXtJrl = ft (Xt) dt
dXt+1 = ft (Xt) dt + Gt (Xt) dnt

® Any ODE is a (trivial) SDE with G; =0

e Conversely, any SDE is equivalent to an ODE:

ft = ft = (GthT)ax = (GthT)ax logpt

® The plays an important role:

s(x) = s,(x) := 0. logp(x)




Reverse-time SDE

dXtJrl = ft (Xt) dt T Gt (Xt) dnt

dit—l—l = i_:t(it) dt + Gt(it) dﬁt, where Ft = _ft aF (GthT)ax i (GthT)ﬁx logpt

® Time flows backwards for the bar quantities
® Forward SDE: diffuses date into noise
® Reverse SDE: molds noise into data

e f, and G, together specify f;:

B. D. O. Anderson. . Stochastic Processes and their Applications, vol. 12, no. 3 (1982),
pp. 313-326.


https://doi.org/10.1016/0304-4149(82)90051-5

Forward SDE (data — noise)
dx = f(x,t)dt + g(t)dw

A

score function

dx = [f(x,t) — ¢°(t)Vx log p¢ (x)

| dt + g(t)dw

Reverse SDE (noise — data)

Y. Song et al.
Representations. 2021

. In: International Conference on Learning



https://openreview.net/forum?id=PxTIG12RRHS

Data Forward SDE Reverse SDE

dz = f(z, t)dt + g(t)dw

Y. Song et al. . In: International Conference on Learning
Representations. 2021


https://openreview.net/forum?id=PxTIG12RRHS

Score Matching

F(p|lq) := 1Exwq||0x log p(X) — O log ¢(X)|2
= Ex~q [5/Is,(X) |13 + (O, 8p(X)) + 5 Is4(X)][3]
~ Exq [2]8,(X)]12 + (Ox, 5p(X))]

e Under mild conditions, F(p|l¢) =0 <= pxgq
® A Convenient way to estimate the score s, and hence the density ¢

® The model score function s, can be chosen as a neural net

A. Hyvirinen. . Journal of Machine Learning Research, vol. 6, no. 24
(2005), pp. 695-709.


http://jmlr.org/papers/v6/hyvarinen05a.html

Denoising Auto-Encoder

® Suppose also have a latent variable Z with joint density ¢(x, z)

® Exchange differentiation with integration we obtain:

F(plla) := 5Ex~ql|0x log p(X) — dx log q(X) |3
= 3Ex2)~qlllsp(X) — Oxlog ¢(X|Z)[I3 + [|sq(X)[13 — [|0x log ¢(X|Z)][3]
~ 3Ex2)~qlI85(X) — Ox log q(X|Z) |13

o Useful when the conditional density 0y log ¢(X|Z) is easy to obtain

P. Vincent. . Neural Computation, vol. 23, no. 7 (2011),
pp. 1661-1674.


https://doi.org/10.1162/NECO_a_00142

Score-based Diffusion Generative Models

dXtJrl = ft (Xt) dt aF Gt (Xt) dnt
X1 A X+ 0y - Bi(xe) + g(x:), where gy (x:) ~ N (O, W?Gt(xt)Gt(Xt>T)

® Apply denoising auto-encoder score matching:

i k )At||st(Xt; 6) — Oxlog q(X[Xo) I3

0 top,(Xe,Xo)~q(xt,%0

— Xo ~ q(x), the data density
— ¢(x¢|xp) can be derived from the forward SDE, in closed-form if f; is affine

10/15



Inference After Learning

dXtJrl = ft (Xt) dt + Gt (Xt) dnt

d)_(tJrl = —ft aF (GthT)ax aF (GtG;r>St()_(t, 0) dt aF Gt()_ct) dr_lt

dXtJrl = ft — (GtG;r)ﬁx — (GthT)St(Xt,B) dt

® Run the reverse SDE or the equivalent ODE
— sample x ~ N(0,1d)

— apply numerical SDE or ODE solver (e.g. )

D. J. Higham. . SIAM Review, vol. 43, no. 3
(2001), pp. 525-546.
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https://en.wikipedia.org/wiki/Euler-Maruyama_method
https://doi.org/10.1137/S0036144500378302

ODE Evaluation Points
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Y. Song et al.
Representations. 2021

NFE=548

. In: International Conference on Learning



https://openreview.net/forum?id=PxTIG12RRHS

Y. Song et al. . In: International Conference on Learning
Representations. 2021. 13/15


https://openreview.net/forum?id=PxTIG12RRHS
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https://openreview.net/forum?id=PxTIG12RRHS
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R. Rombach et al. . In: IEEE/CVF Conference on Computer Vision and
Pattern Recognition. 2022, pp. 10674—-10685.



http://dx.doi.org/https://doi.org/10.1109/CVPR52688.2022.01042




